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Combining the treatment of the field nonlinearity by using the polarization fixed point technique with the application of the 

superposition allows a matrix formulation relating the magnetic induction to the coil fluxes and to the polarizations in the actual 
nonlinear media. Since the linear medium used in the adopted model has the same permeability at each iteration, the matrices involved 
are computed only once, before the start of the iterative procedure. The method is illustrated for two-dimensional fields. In the case of 
a periodic regime produced by coils with sinusoidal terminal voltages, each harmonic of the magnetic field can be analyzed 
independently. It is shown that the proposed method is convergent. 
 

Index Terms—Computational electromagnetics, integral equations, iterative algorithms, nonlinear magnetics. 
 

I. INTRODUCTION 
HE EQUATION satisfied by the vector potential A has the 
form 

JAF =×∇×∇ )(ˆ        (1) 

where J is the electric current density. If the constitutive 

relation )(ˆˆ
BFHB F =⎯→⎯  is linear, the field produced when 

the terminal voltages of the coils (therefore the magnetic 
fluxes) are imposed can easily be determined by using (1). 
Namely, at a given distribution of J, the coil fluxes are 
calculated with A obtained from (1) and, then, all the resulting 
field quantities are multiplied by the ratio between the 
imposed flux and the calculated one. When the function F̂  is 
nonlinear, J in (1) is a nonlinear function of A. The 
nonlinearity can be treated by the Newton-Raphson technique, 
with the current density being corrected iteratively. In the case 
the field is due to coils connected to sinusoidal voltage 
sources, the method of static permeability is often employed, 
with the permeability corrected at each iteration [1]. A linear 
medium is adopted at each iteration and the field quantities are 
updated by using the ratio between the imposed terminal 
voltage and the one computed. Unfortunately, the convergence 
is not always assured and the field solution is sinusoidal. The 
solution accuracy becomes unsatisfactory for pronounced 
material nonlinearities. 

In this work, it is proposed to treat the field nonlinearity by 
employing the Polarization Fixed Point Method [2]. It is 
proved that the iterative procedure implemented is convergent. 
The problem solution is illustrated for two-dimensional 
systems. Certain matrices remain unchanged for all the 
iterations. 

II. POLARIZATION METHOD FOR IMPOSED COIL VOLTAGES 

The medium with a nonlinear relationship )(ˆ BFH =  is 
replaced with a “linear” medium having a relationship in the 
form 

IHB += μ                  (2) 

where μ  is a constant permeability and the nonlinearity is 
transferred to I which is a fictitious magnetic polarization, 

)(ˆ)(ˆ BGBFBI =−= μ          (3) 

νμ /1≡  can be chosen such that 
ν

)"(ˆ)'(ˆ BGBG −  

≤ νθ "BB'− , ",' BB∀ , with θ <1 and the scalar product 

defined as ν",' BB = ∫
Ω

Ω⋅

fe

d"' BBν , where feΩ  is the region 

occupied by the nonlinear media. Thus, the function Ĝ  is a 
contraction [2]. 

The following iterative procedure is used for the solution of 
the magnetic field problem: 
i) An arbitrary )0(I  is chosen. With )1( −nI  known, at the n-th 

iteration one determines the field intensity and the magnetic 
induction )(nB  for a linear medium characterized by (2), 
the coil fluxes (or terminal voltages) being known.  

ii) The polarization is corrected with (3), )(ˆ )()( nn BGI = . 

When the difference 
ν

)1()( −− nn II  becomes sufficiently 

small, the iterative process is ended. 

The function )(ˆˆ
IBBI B =⎯→⎯ , defined in step i), satisfies 

the condition 
ν

)"(ˆ)'(ˆ IBIB − ν"' II −≤ , ",' II∀  [2]. 

Therefore, B̂  is nonexpansive when the coil fluxes (or 
terminal voltages) are imposed. As a consequence, the 
proposed iterative procedure i), ii) is convergent. 

In the case of a periodic regime, the polarization in i) is 
expanded in a Fourier series [3] and a finite number of 
harmonics is retained. For each harmonic we compute the 
corresponding harmonic of the magnetic induction and, then, 
the resultant time-dependent magnetic induction is obtained by 
superposition. The approximation due to the truncation of the 
Fourier series is nonexpansive and, thus, the convergence of 
the iterative procedure is preserved. 

T



III. FIELD COMPUTATION AT EACH ITERATION FOR IMPOSED 
COIL VOLTAGES (2D STRUCTURES) 

A free space permeability 0μ  may be chosen in (2) for the 

whole region [2], with Ĝ  in (3) remaining a contraction. The 
coils occupy the regions +ω  and −ω , carrying the current 
densities J  and J− , respectively. The coil magnetic flux due 
to the current density distribution is calculated with 

Jϕ =
⎜⎜
⎜

⎝

⎛

∫ ∫
+ +

++
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dSdS
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−−+−
1ln1ln2        (4) 

where R is the distance between the integration points and ζ  
is the number of coil conductors per unit cross-sectional area. 

The region feΩ  – which is now the cross section of the 

ferromagnetic material – is discretized in IN  elements kω , 
the magnetic polarization kI  being considered constant within 

kω , INk ,,2,1 …= . The coil magnetic flux due to the 
polarization kI  can be expressed in the form 

kIϕ = kk IP ⋅−ζ              (5) 
with 
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where k is the z-axis unit vector and R is the relative position 
vector of a point in +ω  or −ω , respectively, with respect to a 
point in the element kω . The total magnetic flux of the coil is 

ϕ = ∑
=

+
I

k

N

k
IJ

1
ϕϕ = LJζ ∑

=
⋅−

IN

k
kk

1
IPζ         (7) 

which relates J to the total flux ϕ  and polarizations kI , 

∑
=

⋅+=
IN

k
kkLL

J
1

11 IPϕ
ζ

          (8) 

The average magnetic induction over the element iω  due to 
the current density can be determined in the form 

J
iB~ = i

iS
J P0μ−           (9) 

iS  being the area of the element iω . Substituting (8) in (9) 
gives 

J
iB~ = ϕ

iB~ ∑
=

⋅−
IN

k
kki

iLS 1
0

1 IPPμ         (10) 

where 
ϕ
iB~ = i

iLS
P

ζ
ϕμ0−               (11) 

On the other hand, the average magnetic induction over the 
element iω  produced by the polarization kI  can be calculated 
with 

I
ki,

~B = kki
i

D
S

I,
1            (12) 

where 

∫ ∫
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RddD kiki
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)( kidd ll  being the dyad formed by the differential length 
vectors of the contours of the elements iω  and kω , 
respectively. Thus, the average over the element iω  of the 

total magnetic induction, ∑
=

+
IN

k

I
ki

J
i

1
,

~~ BB , can be expressed 

directly in terms of the imposed total magnetic flux ϕ  and 
polarizations in the form 

iB~ = ϕ
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Note: L, kP , kiD ,  and ϕ
iB~  are calculated analytically, 

using simple formulas derived in terms of the shape of the 
discretization elements and their relative position. This is done 
only once, before starting the iterations. 

For a periodic regime, the periodic polarization is expanded 
in a Fourier series and only N harmonics are retained, 

( )∑
−=

+≅
12,...,3,1

)(cos")(sin')(
Nn

nn tntnt ωω III         (15) 

Equation (14) is valid for each harmonic. The time domain 
expression of the magnetic induction is obtained as 

( )∑
−=

+=
12,...,3,1

)(cos")(sin')(
Nn

nn tntnt ωω BBB      (16)  

At each step, the magnetic polarization is corrected with (3). 
The computation time is substantially reduced by considering 
at the beginning only the fundamental harmonic and, then, 
increasing the number of harmonics as required in terms of 
accuracy [3]. 

IV. CONCLUSION 

The proposed methodology allows the derivation of a 
matrix relationship for the determination of the magnetic 
induction in terms of the coil voltages and magnetic 
polarizations. The respective matrices remain unmodified 
along the iterative process. Illustrative examples will be 
presented in the extended version of the paper. 
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